Abstract. In 1995 N. C. A. da Costa and F. Doria proposed the modaltype elegant axiomatization of Jaśkowski's discussive logic D2. Yet his own problem which was formulated in 1975 in a following way: Is it possible to formulate natural and simple axiomatization for D2, employing classical disjunction and conjunction along with discussive implication and conjunction as the only primitive connectives? -still seems left open. The matter of fact is there are some axiomatizations of D2 proposed, e.g., by T. Furmanowski (1975), J. Kotas and N. C. A. da Costa (1979) , G. Achtelik, L. Dubikajtus, E. Dudek and J. Konior (1981), satisfying da Costa's conditions, but they are rather looking very complicated and unnatural. An attempt is made to solve da Costa's problem. The new axiomatization of D2 is proposed essentially based on da Costa's-Doria axiomatization from 1995.
In his papers [Jaśkowski 1948] and [Jaśkowski 1949 ] Polish logician Stanisław Jaśkowski first built the system of paraconsistent logics. He called her a discursive logics because his intention was to describe logics of the discursive systems which cannot be said to include theses that express opinion in agreement with one another. Thus in discursive (or discussive) systems some proposition and its negation can be both true but this does not lead to its trivialization.
Jaśkowski himself did not proposed any axiomatization of discursive logics and his consideration was essentially based on the interplay of classical logic and modal system S5 enriched with the three additional connectives of discussive implication, discussive conjunction and discussive equivalence. He defines these connective in the following way:
Hereafter we use for convenience the classical connectives ∨, &, ⊃, ¬ while Jaśkowski himself used a Polish notation.
Jaśkowski s system D 2 would be described as the smallest set of formulas α satisfying the following conditions:
1. in α only the signs of sentential variables and the signs '→', '∧', '↔', '∨', '&' and '¬' occur; 2. the expression ♦α L , where α L is an expression obtained from α by eliminating in accordance with the definitions above the signs '→', '∧', '↔', is a thesis of S5-system (cf. [Kotas 1971, p. 82] ).
Following this course of modal-classic interplay da Costa and Dubikajtis in 1968 first gave an infinite axiom set for D 2 [da Costa, Dubikajtis 1968] .
The next axiomatization of D 2 was proposed by Kotas in 1974. It would be described in the following way [Kotas 1974] .
Let A be the set consisting of the following formulas and the rules:
Let us also introduce the following definition:
and two translations:
, where instead of the symbol F , symbols ∧, →, ∨ should be put in turn, and the rules (R k , i 2 ), k = 1, . . . , 5, connected through the translation i 2 with the rules (R k ), k = 1, . . . , 5, constitute the complete axiom system of D 2 .
In 1975 da Costa proposed the following two axiomatizations of D 2 . First version [da Costa 1975, p. 9 ]:
1.
α, whenever α is a tautology 2.
Second version [da Costa 1975, p. 10 ]:
1. α, whenever α is a tautology
whenever α is fully modalized.
The first non-modal axiomatization of D 2 was proposed by Furmanowski (he never published this result by himself and we know it only from the presentation in [Kotas 1975, p. 166-167] 
where α, β, γ are arbitrary formulas, 0 ≡ ¬(¬α ∨ α). One more non-modal axiomatization was built by da Costa and Dubikajtis in 1977. According to [da Costa, Dubikajtis 1977 ] the set of axioms of D 2 would be decomposed into two parts:
Axioms without negation:
Axioms with negation:
Also the following rules of inference were adopted: substitution rule in the classical form, derivation rule for discussive implication:
In 1981 Achtelik, Dubikajtis, Dudek and Konior proposed (answering the problem in [da Costa, Dubikajtis 1977] ) to replace axioms A1-A13 by the following axioms [Achtelik et al 1981, p. 4]:
Fairly unusual on this background appears a new formulation of discussive logic given by Kotas and da Costa in 1979 . In their calculus SD 2 they use the following abbreviation:
The deductive structure of SD 2 is established in the following manner [Kotas, da Costa 1979, pp. 431-432 ]:
1. Primitive rules of inference:
Ayda I. Arruda proved that R9, R10 and R19 are dependent.
Rules for the construction of proofs:
Every formula may be considered a having the following form:
because if '→' is not the principal symbol of a formula A, then A may be considered of the form ( * ) for n = 1.
A direct proof of ( * ) is formed as follows:
• A 1 , A 2 , A 3 , . . . , A n−1 are written in the first n − 1 lines as suppositions of the proof; • formulas may be added as new lines of the proof according to the following rules: -formula obtained from previous ones in the proof by rules R1-R19: -formulas already proved;
• the proof is finished when we obtain A n .
An indirect proof of ( * ) is formed as follows:
• we write A 1 , A 2 , A 3 , . . . , A n−1 in the first n − 1 lines as suppositions of the proof;
• ¬ * A n is also written in the next line as a supposition of the indirect proof (rule ip);
• we may add formulas as new lines of the indirect proof precisely as in the case of direct proof (i and ii above);
• the proof is finished when we obtain two lines containing any formulas of the form A and ¬ * A, or ¬¬ * A and ¬ * A, or A and ¬ * ¬¬A.
A formula is said to be a theorem (or thesis) if there exists a finished proof of it.
Finally, in 1995 da Costa proposed the following elegant axiomatization of Jaśkowski's discussive logic D 2 :
Yet his own problem which was formulated in 1975 in a following way [da Costa 1975, p. 14] :
Is it possible to formulate natural and simple axiomatization for D 2 , employing →, ∧, ∨ and ¬ as the only primitive connectives?
still seems left open. Da Costa himself never mentioned later this problem notwithstanding the new attempts to axiomatize D 2 . The matter of fact is that axiomatizations of D 2 above proposed by Furmanowski (1975) , Achtelik, Dubikajtus, Dudek and Konior (1979-1980) , Kotas and da Costa (1979) , satisfying da Costa's conditions (i.e., employing '→','∧', '∨' and '¬' as the only primitive connective), are rather looking very complicated and unnatural. In any case this process still goes on and it allows us to contribute the problem. We shall attempt to solve da Costa's problem on the base of modal da Costa-Doria axiomatization from 1995. The new axiomatization of D 2 is based on the following definition:
Note that the definition of α • bears a formal resemblance with α • ≡ ¬(α & ¬α) of da Costa's C n systems. In effect, our definitions means that we introduce two translations: i from S5 to D 2 i(α) = α, when α is a propositional variable, The idea of the axiomatization becomes clear: we replace all ' p', '♦p' in axiomatics above with the respective formulas from our definition. The result is the following theorem:
